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ABSTRACT
Recent observations of X-ray pulsars at low luminosities allow, for the first time, to compare theoretical models for the emission from
highly magnetized neutron star atmospheres at low mass accretion rates (Ṁ . 1015 g s−1) with the broadband X-ray data. The purpose
of this paper is to investigate the spectral formation in the neutron star atmosphere at low Ṁ and to conduct a parameter study of
physical properties of the emitting region. We obtain the structure of the static atmosphere, assuming that Coulomb collisions are the
dominant deceleration process. The upper part of the atmosphere is strongly heated by the braking plasma, reaching temperatures of
30–40 keV, while its denser isothermal interior is much cooler (∼2 keV). We numerically solve the polarized radiative transfer in the
atmosphere with magnetic Compton scattering, free-free processes, and non-thermal cyclotron emission due to possible collisional
excitations of electrons. The strongly polarized emitted spectrum has a double-hump shape that is observed in low-luminosity X-ray
pulsars. A low-energy “thermal” component is dominated by extraordinary photons that can leave the atmosphere from deeper layers
due to their long mean free path at soft energies. We find that a high-energy component is formed due to resonant Comptonization in
the heated non-isothermal part of the atmosphere even in the absence of collisional excitations. The latter, however, affect the ratio
of the two components. A strong cyclotron line originates from the optically thin, uppermost zone. A fit of the model to NuSTAR
and Swift/XRT observations of GX 304−1 provides an accurate description of the data with reasonable parameters. The model can
thus reproduce the characteristic double-hump spectrum observed in low-luminosity X-ray pulsars and provides insights into spectral
formation.
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1. Introduction
Accretion-powered X-ray pulsars have been known for decades
as binary systems which consist of a rotating highly magne-
tized neutron star and a donor star companion (e.g., Zel’dovich
& Shakura 1969; Basko & Sunyaev 1975). The strong magnetic
fields of the neutron stars in High-Mass X-ray binaries (HMXBs)
significantly affect the accretion of matter from the donor, which
is typically an early-type (O/B) star. Close to the compact ob-
ject, in the magnetosphere of the neutron star, the dynamics of
the accretion flow are dominated by the magnetic field of the
neutron star. The accreting material couples to the magnetic field
lines and is channeled down onto the magnetic poles of the neu-
tron star. The matter is decelerated from its free-fall velocity of
? e-mail: ekaterina.sokolova-lapa@fau.de
∼0.7c in an accretion column or at the surface of the neutron
star. The properties of the column depend on the mass accre-
tion rate (e.g., Burnard et al. 1991; Becker et al. 2012; Postnov
et al. 2015a; Mushtukov et al. 2015). It is well understood that
at high accretion rates of Ṁ & 1017 g s−1 radiation pressure plays
a major role in decelerating the matter (Davidson 1973; Basko
& Sunyaev 1976; Wang & Frank 1981) in the accretion column.
The accretion flow loses its energy gradually, by passing through
the extensive radiative shock. See Becker & Wolff (2007), Wolff
et al. (2016), Farinelli et al. (2016), and Gornostaev (2021) for
accretion column models in this high mass accretion rate regime.
At lower accretion rates, Ṁ ∼ 1015–1017 g s−1, it is possible that
matter is decelerated by passing through a collisionless shock
(Langer & Rappaport 1982; Bykov & Krasil’Shchikov 2004;
Vybornov et al. 2017). In this case, the gas shock is discontin-
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uous with post-shock velocity ∼vff . The aftershock flow is de-
celerated to rest by Coulomb collisions. Soft thermal X-ray pho-
tons emitted from the thermalized region near the surface of the
neutron star, as well as photons produced by free-free and cy-
clotron emission, are then reprocessed in the column by Comp-
ton scattering to produce the harder X-rays emerging from the
column. At even lower mass accretion rates, the accretion flow
approaches the neutron star surface at free-fall velocity and then
rapidly decelerates in the nearly static atmosphere by Coulomb
collisions (Zel’dovich & Shakura 1969, ZS69 hereafter).
The extreme magnetic field of the neutron star significantly
affects both the hydrodynamical characteristics of the accretion
flow and the photon-electron interactions inside the plasma. In
the presence of strong magnetic fields, photon scattering, ab-
sorption, and emission become resonant processes due to the
quantization of the electron motion perpendicular to the mag-
netic field on Landau levels. As a result, the cross sections for
magnetic Compton scattering and magnetic free-free absorp-
tion are strongly energy and polarization dependent and highly
anisotropic (Herold 1979; Nagel 1980; Daugherty & Harding
1986; Bussard et al. 1986; Schwarm et al. 2017). The resonant
nature of the scattering process is also responsible for the for-
mation of Cyclotron Resonance Scattering Features (CRSFs),
commonly referred to as cyclotron lines, which are observed
in the spectra of about 36 X-ray pulsars and usually appear as
absorption line-like spectral features (Staubert et al. 2019). Be-
sides the fundamental feature located at the energy correspond-
ing to the electron cyclotron frequency, ~ωcyc, within the line
forming region, higher harmonics can also sometimes be ob-
served. The shapes of these lines can differ from a Voigt pro-
file due to the non-constant magnetic field over the line form-
ing region and multiple photon Compton scattering, which cre-
ates spawned photons from higher harmonics with energies close
to the fundamental one (Schwarm et al. 2017; Schönherr et al.
2007). A second effect of the strong magnetic field is the polar-
ization of the propagating radiation by magnetized plasma and
vacuum birefringence. Due to expected strong Faraday depolar-
ization, the photon field can be described in terms of two normal
modes, ordinary and extraordinary (Gnedin et al. 1978), which
exhibit very different properties in photon-electron interactions.
The cross sections for the extraordinary mode are strongly en-
ergy dependent, whereas for the ordinary mode they are highly
anisotropic.
At the sufficiently low accretion rates considered here (Ṁ .
1015 g s−1), the picture of the accretion process is different from
one, corresponding to an accretion column. The formation of
radiation-dominated shocks in the tenuous flow is not possi-
ble due to the short radiation diffusion time (Postnov et al.
2015a). Instead, matter reaches the surface in free-fall regime,
and Coulomb interactions between particles of the falling plasma
and particles of the neutron star atmosphere are expected to
be the main mechanism of plasma deceleration (Harding et al.
1984; Miller et al. 1987). As protons carry most of the energy of
accreting flow, the main energy transfer occurs due to falling pro-
ton collisions with ambient atmospheric electrons. The physical
picture of this braking of the plasma through Coulomb collisions
and the associated formation of the spectrum of emerging radi-
ation has been investigated in a number of papers, starting with
ZS69.
ZS69 solved the energy balance and hydrostatic equilibrium
equations, together with the diffusion equation for the energy
density, obtaining the thermal and density structure of the atmo-
sphere without the magnetic field and for spherical accretion.
They first showed that the upper, optically thin part of such at-
mospheres is overheated by the deceleration of accreted matter,
while the deep layers have a much lower electron temperature,
Te. This result was later confirmed and extended by, e.g., Alme
& Wilson (1973), Turolla et al. (1994), Deufel et al. (2001), and
Suleimanov et al. (2018). The proton stopping in a magnetized
plasma differs from the non-magnetic case due to the restric-
tion of the momentum transfer in the perpendicular direction.
The protons usually occupy very high Landau levels and thus
can be treated classically. However, the quantization of the elec-
tron’s motion affects the Coulomb collisions and forces protons
to veer from the magnetic field lines (Miller et al. 1987). Col-
lisional deceleration in a highly magnetized plasma is therefore
less efficient (Harding et al. 1984; Miller et al. 1987). However,
Coulomb collisions during plasma braking can also lead to the
excitation of electrons to higher Landau levels. These excitations
are then followed by radiative decay, increasing the number of
cyclotron photons in the atmosphere (Bussard 1980). To a high
degree, this process depends on the magnetic field strength and
the velocity of the falling matter. For high magnetic fields, when
only 1–2 Landau levels can be collisionally populated, only a
small fraction of the accretion energy goes into non-thermal Lan-
dau excitations (Miller et al. 1987, 1989). Nelson et al. (1993,
1995) considered the effects of a moderate magnetic field, allow-
ing for excitations to very high Landau levels with subsequent
radiative decay. They suggested that due to down-scattering in
the cold atmosphere the escaping flux of these spawned photons
can be observed as a broad emission line-like feature below the
cyclotron resonance energy.
Motivated by recent NuSTAR observations of the tran-
sient X-ray pulsars GX 304−1 (Tsygankov et al. 2019b) and
A 0535+262 (Tsygankov et al. 2019a), which allow the direct
study of the broadband X-ray spectrum emitted by highly mag-
netized neutron stars at low Ṁ, in this paper we consider the
spectral formation in the atmosphere of a neutron star. Specif-
ically, the NuSTAR observations were performed at luminosi-
ties of ∼1034 erg s−1 for GX 304−1 and ∼7 × 1034 erg s−1 for
A 0535+262. Both sources showed a drastic spectral transi-
tion from the exponential cutoff power law widely observed
in HMXBs at intermediate to high luminosities to a double-
hump shape. The soft energy component peaks at around 5 keV
followed by a dip at ∼10–20 keV and a subsequent hump,
peaking at around 30–40 keV. The analysis of the spectrum of
A 0535+262 by Tsygankov et al. (2019a) also showed a pos-
sible cyclotron line at 47.7 keV. The persistent low-luminosity
HMXB X Persei and the transient HMXB GRO J1008−57,
which has recently been observed at ∼1035 erg s−1 (Lutovinov
et al. 2021), are the other examples of a similar peculiar two-
component continuum. Tsygankov et al. (2019b) suggested that
the high-energy component can be explained by the production
of the cyclotron photons due to collisional excitations of the Lan-
dau levels and their subsequent reprocessing in the heated atmo-
sphere.
Mushtukov et al. (2020) showed that if one assumes a strong
primary source of cyclotron photons and reprocesses these in
the upper, hot part of the atmosphere, the two humped spectrum
can be reproduced. This ansatz requires that almost all accre-
tion flow energy goes into collisional excitations of atmospheric
electrons and the subsequent production of the cyclotron pho-
tons (Eq. 3 of Mushtukov et al. 2020). The latter is, however,
not supported by existing models for low-Ṁ accretion in strong
magnetic fields (e.g., Miller et al. 1989). In this paper, we revisit
the spectral formation from the polar caps of magnetized neu-
tron stars by improving on the modeling of the radiative transfer
through the neutron star atmosphere. We obtain the structure of
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the neutron star atmosphere by adopting the approach of ZS69
for non-magnetic atmospheres and then calculate the polarized
radiative transfer. We show that these calculated synthetic spec-
tra have the potential for widespread use as a tool for data anal-
ysis of low luminosity observations.
The paper is organized as follows. In Sect. 2 we discuss the
polar cap model, presenting our formulation of the problem. We
describe the atmospheric structure calculation, the opacities due
to Compton scattering and free-free absorption in a strong mag-
netic field, and our approach to compute the radiative transfer in
this setup. In Sect. 3 we then describe the results of solving the
radiative transfer equation and investigate the parameter depen-
dencies. In Sect. 4 we apply the model to fit the low luminosity
observation of the X-ray pulsar GX 304−1 mentioned above. We
summarize our results, discuss the limitations of our model, and
outline possible future developments in Sect. 5.
2. Polar cap model
2.1. Overview
In this section, we describe the polar cap model (polcap here-
after) in greater detail. We consider the accretion of fully ionized
hydrogen plasma with a low mass accretion rate, Ṁ . 1015 g s−1,
onto a magnetic pole of a neutron star with mass MNS = 1.4 M
and radius RNS = 12 km. We assume that under such conditions,
neither a radiative nor a gas mediated shock raises above the
surface, i.e., no accretion column is formed. The matter thus
falls freely along the magnetic field lines. The braking is me-
diated mainly by Coulomb collisions within the thin layer of al-
ready accreted plasma that spreads around the magnetic pole and
merges into the neutron star atmosphere. In the following, we
refer to this layer as the “atmosphere”. The accreted energy is
reprocessed in the atmosphere and results in the X-ray emission
from the polar cap of radius r0. At such low accretion rates, we
can ignore the influence of the rarefied incoming plasma on the
emergent radiation. The plasma braking depends to a high de-
gree on the Ṁ and the surface magnetic field strength B0. While
we do not calculate the details of the stopping process, we take
into account that a fraction of the accreted energy, fcyc, can go
into collisional excitations of ambient atmospheric electrons to
the higher Landau levels, while the rest contributes to the ther-
mal energy of the accretion region.
Based on this physical picture, we build our model for the
polar cap emission characterized by four major parameters: the
mass accretion rate, Ṁ; the polar cap radius, r0; the surface mag-
netic field strength B0, which we express in terms of the corre-
sponding cyclotron energy, Ecyc; and the fraction of accretion en-
ergy going into non-thermal collisional excitation of electrons,
fcyc. In the following, we give a brief overview of the general
concept of our modeling.
We start our discussion in Sect. 2.2 by describing the compu-
tation of the inhomogeneous thermal and density structure of the
atmosphere. There, we mainly follow the hydrostatic approach
of ZS69 and only include a rudimentary model for the radiation
field.
In a second step, in Sect. 2.3, we consider the physics of
photon-electron interactions and corresponding opacities in the
highly magnetized medium of the atmosphere.
In Sect. 2.4, we then describe the transfer of the radiation
through the atmosphere using the obtained structure and opaci-
ties. We solve the radiative transfer equation in two polarization
modes, taking into account the anisotropy of the radiation field

















Fig. 1. Schematic depiction of the model describing the accretion at low
Ṁ onto the polar cap of a magnetized neutron star. The polar cap is an
emitting layer of an atmosphere with the total column density ymax (cor-
responding to the total geometrical depth zmax ∼ 10 m) and radius r0.
The characteristic proton stopping length is denoted as z0 (geometrical
scale) and y0 (column density scale).
scattering. The major source of photons throughout the atmo-
sphere is free-free emission (bremsstrahlung) where we also ac-
count for the presence of a magnetic field. A further source of
radiation is the cyclotron emission due to radiative decay of elec-
trons excited by non-thermal collisions.
Finally, in Sect. 2.5 we describe a complete simulation that
combines all the different aspects to obtain a consistent model
for the atmospheric structure and the spectrum of the emergent
radiation.
2.2. Atmosphere model
We assume that the neutron star atmosphere is a plane-parallel
slab. Its outer surface normal is co-directional with the z-axis,
which is defined to be parallel to the magnetic field lines near
the surface.
The structure of the atmosphere is mainly determined by
the energy release of the infalling material, i.e., the deceleration
of protons of an accretion flow in the neutron star atmosphere.
The different mechanisms that are responsible for this decelera-
tion have been studied extensively over the past 50 years (e.g.,
ZS69; Basko & Sunyaev 1975; Kirk & Galloway 1982; Harding
et al. 1984; Miller et al. 1987; Nelson et al. 1993, and references
therein). The important parameter describing the process is the
characteristic depth inside the atmosphere at which the majority
of the injected particles have released their kinetic energy, z0.
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where zmax is the full geometrical depth of the atmosphere and
where ρ(z) is the density of the plasma. We therefore use this
quantity, rather than z, to model spatial variations. We empha-
size that even though the total column density of the atmosphere,
ymax, is high (in our typical setup, ymax = 103 g cm−2), the corre-
sponding zmax is only ∼10 m due to high density. This allow us
to consider the magnetic field as constant inside the atmosphere.
The accreted energy is released down to y0 = y(z0). We refer to
y0 as the “stopping length” in the following, adopting the stan-
dard terminology from the literature mentioned above. Figure 1
provides a sketch of the geometry.
Since the atmosphere is in hydrostatic equilibrium, we can
compute its density from the known temperature profile, i.e.,
from the energy balance in the atmosphere. We do not perform
a detailed computation of the actual energy loss rate through the
atmosphere, dE/dy, but adopt a modified approach of ZS69 that
ensures the continuity of the heating function throughout the at-
mosphere. We leave a deeper discussion of the energy loss rate
for Sect. 5.2.
In the volume above y0, where the protons are decelerated,
the conditions are likely sufficient to permit the collisional ex-
citation of electrons into higher Landau levels. We parameterize
this complex process by assuming that a fraction of the accreted
energy, fcyc, goes into non-thermal collisional excitation of elec-
trons, while the remaining fraction, 1 − fcyc, directly heats the
atmospheric plasma.
The main cooling processes in the atmosphere are free-free
emission and Compton cooling. Similar to ZS69 (their Eq. 1.3),
we parameterize the cooling rate for free-free processes as








erg s−1 cm−3, (2)












where k is the Boltzmann constant, σT is the Thomson scattering
cross section, c is the speed of light, mp and me are proton and
electron rest masses, respectively, and ε is the y-dependent radia-
tion energy density. The last terms in Eq. 2 and Eq. 3 account for
the inverse processes, i.e, free-free absorption and inverse Comp-
ton scattering. In this way, heating by free-free absorption and
inverse Compton scattering is included in the cooling rates. The
effective radiation temperatures T ′ and T ′′ for both processes
are taken to be equal to the photon temperature, Tph = (ε/ar)1/4,
where ar is the radiation density constant. In this paper, when we
discuss free-free processes (absorption and emission), we mean
only thermal free-free processes, omitting the word “thermal” in
the following.
The energy balance equation for each spatial layer of the at-
mosphere is thus given by
ΛB + ΛC =
{
Feff(1 − fcyc)ρ/y0 for y ≤ y0,
0 for y > y0
(4)







and where the term Feff/y0 is related to the radiative energy
flux divergence, ∇ · F, representing the constant energy release
per unit mass. To ensure continuity of the atmospheric profiles,
which is required by the numerical scheme for the radiative
transfer calculation, contrary to ZS69 we choose the heating to
be characterized by an exponential cutoff instead of Eq. 4,







This modification has almost no effect on the obtained solution,
except for smoothing the transition region near y0.
In this part of the modeling, we simplify the model for the
radiative transfer by using the diffusion approximation for the






where κT = σT/mp is the opacity of a fully ionized hydrogen









Choosing the Marshak boundary condition, i.e., imposing flux
continuity by setting ε(0) = Feff
√
3/c, we can write the solution
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y, for y > y0
(11)
where vff is the free fall velocity and where ρ0 = Ṁ/(πr20vff) is
the density of the falling accretion flow at the upper boundary of
the atmosphere.
We obtain the structure of the atmosphere by expressing the
density as a function of the temperature using Eq. 11 and substi-
tuting it into Eq. 6. The temperature then can be easily calculated
by using a root-finding algorithm, Newton’s method in our case.
We emphasize, however, that because of Eq. 6 this approach re-
quires us to assume a value for the stopping length of the pro-
tons, y0. This quantity is not a free parameter of the model and
we will describe our choice of y0 in Sect. 2.5, as this assumption
is closely related to our solution of the radiative transfer equation
(Sect. 2.4).
2.3. Polarization and opacities
Before we describe the transport of the radiation through the at-
mosphere (Sect. 2.4), we first need to discuss how the radiation
and photon-electron interactions are affected by the strong mag-
netic field. In this section, we address Compton scattering and
free-free absorption in the vicinity of the neutron star (“mag-
netic Compton scattering” and “magnetic free-free absorption”),
as these are the most relevant processes to be considered here.
The magnetized plasma of the neutron star atmosphere is an
anisotropic and birefringent medium. It has a strong influence
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on the polarization properties of photons, since the interaction
between the plasma and the radiation strongly depends on the
frequency and direction of the photon propagation. Moreover,
in strong magnetic fields the effect of vacuum polarization be-
comes significant (see Adler 1971; Gnedin et al. 1978; Mészáros
& Ventura 1978; Meszaros & Ventura 1979, and Lai 2001 for a
review). For the conditions in the accretion columns of X-ray
pulsars this effect can become dominant over plasma effects.
Wang et al. (1988) suggested characterizing the relative impor-
tance of plasma and vacuum effects by the ratio of the parameters
















is the plasma frequency, ω is the frequency of the electromag-
netic wave propagating in the medium, α is the fine structure
constant, and Bc = m2ec
3/e~ is the critical magnetic field in the
quantum-electrodynamical Schwinger limit. For w/δV < 1, the
wave propagation is mainly affected by vacuum polarization.
Conversely, when w/δV > 1, the effects of magnetized plasma
play a major role. Finally, if w/δV ≈ 1, both plasma and vacuum
effects have to be taken into account.
The radiation propagates in the form of two polarization nor-
mal modes. These are defined by the direction of the electrical
vector of the radiation, e, in relation to the plane formed by the
wave vector of the photon, k, and the magnetic field vector, B.
In the ordinary mode (hereafter also referred to as “mode 2”),
e oscillates in the (k, B) plane, while in the extraordinary mode
(“mode 1”), e ⊥ (k, B).
We mentioned that in the presence of strong magnetic fields,
due to the quantization of the electron motion perpendicular to
the magnetic field on Landau levels photon-electron interactions,
such as Compton scattering and free-free absorption, become
resonant processes. Moreover, these processes proceed differ-
ently for each of the polarization modes. The scattering and ab-
sorption cross sections of both modes differ dramatically in mag-
nitude, especially in the soft X-ray range, and are strongly energy
dependent, which has consequences for the formation of the con-
tinuum as discussed below.
Expressions for the cross sections for scattering and free-
free absorption have been obtained by various authors, using
different approximations as well as different photon polarization
modes, such as pure plasma, pure vacuum, or plasma+vacuum
modes (see, e.g., Ventura 1979; Kirk & Meszaros 1980; Nagel
1981; Daugherty & Harding 1986; Bussard et al. 1986; Mush-
tukov et al. 2016; Sina 1996). Here, we consider one-photon
Compton scattering, following the quantum mechanical deriva-
tions for differential and total scattering cross sections given by
Nagel (1981). This derivation neglects the electron spin and as-
sumes that the initial and final electron occupies the lowest Lan-
dau level, but takes into account thermal electron motion. Thus,
these cross sections are appropriate for a hot, non-relativistic,
kBTe  mec2, plasma.
The probability that a photon with initial energy E and polar-
ization vector e, which propagates in the direction k, will have
the characteristics E′, k′ and e′ after the scattering event is given
by the differential cross section,
d2σ
dE′dΩ′















where re is the classical electron radius, dΩ = sin θdθdφ is the
solid angle element, with the azimuthal angle, φ, and the angle
θ between vectors k and B, f (p) is the non-relativistic Maxwell
distribution for the electron momentum p, andΠ is the scattering
amplitude (see Eq. 5 of Nagel 1981). The δ function expresses
conservation of energy in the scattering event, with p and p′ de-
noting the initial and final momentum of the electron, respec-
tively. From the optical theorem the total cross section is then
σ = −4πre c~E Im Π̂, (15)
where the matrix elements of the scattering amplitude, Π̂, are
averaged over the Maxwellian distribution.
We assume pseudo-local thermodynamic equilibrium and
treat cyclotron absorption and reemission as scattering, assum-
ing that the collisional de-excitation rate is lower than the radia-
tive decay rate, consistent with our atmosphere model and the
classical approach of Nagel (1980), Meszaros & Nagel (1985a),
and Alexander et al. (1989). Under these assumptions, the ther-
mal production rate of photons is given by j = αff B(Te), where
B(Te) is the Planck function of the local electron temperature and
where the magnetic free-free absorption coefficient, αff , includes
the continuum and the resonant part due to cyclotron processes
(see, e.g., Eq. 7 of Meszaros & Nagel 1985a).
Although the Nagel (1981) cross sections are given for
plasma normal modes, they allow an easy replacement of the
polarization vectors with vacuum ones (see, e.g., Eq. 14). For
the photon energy range used in the calculations and throughout
most of the atmosphere, we find with Eq. 12 that the atmosphere
is dominated by vacuum effects. In the following, we therefore
use the pure vacuum normal modes to describe the photon po-
larization state, as given by Wang et al. (1988, their Eq. 12a–f).
This approach results in a substantial acceleration of the com-
putations. The other reason to avoid mixed plasma and vacuum
normal modes is the ambiguity of the definition of the modes,
as well as the fact that they become non-orthogonal when both
vacuum and plasma effects are taken into account (Soffel et al.
1983). This ambiguity would require a more careful investiga-
tion (Ho & Lai 2003) and is left for a future development of the
model.
To illustrate the behavior of the vacuum cross sections, in
Fig. 2 we show the magnetic Compton scattering and magnetic
free-free absorption cross sections for ordinary and extraordi-
nary modes, for two different electron temperatures, Te, and
electron number densities, ne, choosing values that are typical
for the atmospheric conditions relevant to the present study.
2.4. Polarized radiative transfer
To describe the propagation of the radiation field through the
atmosphere, we need to solve the radiative transfer equation. In
this section, we discuss the transfer equation (taking into account
the azimuthal symmetry of the task), the boundary conditions of
the radiative transfer, and its numerical solution.
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Fig. 2. Total cross section for magnetic Compton scattering (purple
lines) and the free-free absorption coefficient (cyan lines) for the ordi-
nary (solid) and extraordinary (dashed) polarization mode, taking into
account vacuum polarization. Left: coefficients for a tenuous and hot
plasma with ne = 1020 cm−3 and kTe = 35 keV, as expected for the
upper, overheated layers of the atmosphere. Right: Same but for cold
and dense plasma with ne = 1025 cm−3 and kTe = 2 keV, correspond-
ing to the bottom part of the atmosphere. The cyclotron line energy is
Ecyc = 75 keV and the incident photon has a direction of θ = 60◦ with
respect to the magnetic field, for both cases.
2.4.1. Transfer equation
In the case of the emitting region considered here, we can
simplify the treatment of radiative transfer by assuming that
the atmosphere is a semi-infinite, plane-parallel slab. For such
medium we can write two equations that govern the radiative
transfer in the outgoing, and incoming directions,
±µ∂I±
∂z
= κ(S − I±), (16)
where µ = cos θ is restricted to the half-range [0, 1], I± =
I(E,±µ, z) is the specific intensity, κ = σ+αff is the total opacity,
and S is a source function.









(I+ − I−), (17b)
Feautrier (1964) suggested an approach that allows present-
ing the radiative transfer equation as a second-order differential
equation. Here, u and v are the analogs of zero- and first-order
moments of the specific intensity, respectively. By adding and









We can now obtain a second-order equation by expressing v in






= κ(u − S ). (19)



















ũB + S cyc, (20)
where the integrals represent electron scattering with partial en-
ergy and angular redistribution, with u′ = u(E′, µ′, z), and where
we took into account the azimuthal symmetry of the problem.
The second term describes a contribution from thermal absorp-
tion and emission with ũB being the equilibrium spectrum, which
is Planckian with the local electron temperature. The source of
non-thermal cyclotron emission at each layer of the atmosphere,
S cyc, is given by























We note that Eq. 19, together with Eq. 20, does not include stim-
ulated processes directly (the stimulated scattering term is omit-
ted), such that the problem is linear. However, ignoring stimu-
lated scattering for optically thick plasma can lead to a signifi-
cant excess of photons (>50%) at high energies (Alexander et al.
1989). Meszaros et al. (1989) introduced a compromise proce-
dure that allows treating the stimulated scattering while avoiding
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(E′, µ′ → E, µ). (24)
In equilibrium, this expression leads again to a Planckian photon
spectrum. It fully reproduces the low energy part of the spectrum
obtained by solving the nonlinear problem and slightly under-
estimates the high energy photon flux while keeping the same
spectral shape. (see Figs. 2,3 of Alexander et al. 1989, for a di-
rect comparison with the nonlinear problem).
We next consider polarization effects. These require us to
separate the radiation field into the ordinary and extraordinary
modes, which are coupled through the scattering integral. In or-
der to remain consistent with the description of the atmospheric
structure, we rewrite the transfer equation in terms of the column





















where the subscript p = 1 for the extraordinary mode and p = 2
for the ordinary mode, up = up(E, µ, y), the opacity κp = σp+αffp ,
and the factor 12 occurs from the separation of the two modes.
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2.4.2. Boundary conditions
Finally, in order to solve Eq. 25, we need to specify the bound-
ary conditions at the top of the atmosphere, y = 0, (“upper”
boundary) and at y = ymax (“lower” boundary). At the upper
boundary we assume that there is no external illumination of the







The assumption of free photons emerging from the upper bound-
ary is consistent with the physical picture of a low accretion rate,
where the effects of the radiative transport in the moving plasma
above the polar cap can be ignored.
At the lower boundary of the atmosphere, at high optical
depths corresponding to the chosen ymax = 103 g cm−2 (and
high densities, as will be shown in Sect. 3.1), the radiation field
can be treated in the diffusion approximation, i.e., I(ymax) =
B(ymax) + µ(κ−1 |∂B/∂y|)ymax (see, e.g, Mihalas 1978, chap. 2).
As the mean intensity u(ymax) = B(ymax), from Eq. 17 we ob-
tain v(ymax) = µ(κ−1 |∂B/∂y|)ymax . In our case, Eq. 6 leads to the
existence of an extended cold isothermal layer below y0 (see




These boundary conditions together provide a self-emitting slab,
where free-free emission, including both continuum and reso-
nant parts of the coefficient, and non-thermal cyclotron emission
are the only sources of photons.
2.4.3. Numerical solution
We model the radiative transfer by discretizing Eq. 25 for each
polarization mode using an appropriate angular {µ}, energy {E},
and column density (“spatial”) {y} grid. We then write a matrix
equation for each y-layer and solve the system of matrix equa-
tions using a tridiagonal matrix algorithm. This approach to solv-
ing the transfer equation for atmospheres with predefined tem-
perature and density profiles is known as the “Feautrier method”
(Feautrier 1964). The method is efficient even for optically thick
atmospheres and allows for partial angular and energy redistri-
bution. The application of the method to the polarized radia-
tion in magnetized atmospheres was described by Nagel (1981),
Meszaros & Nagel (1985a) (see also Mihalas 1978, chap. 6, for
the classical formulation). We follow the prescriptions of (Auer
1967) to improve the boundary conditions by performing a Tailor
series expansion away from the boundary, including terms up to
the second order. Our code for the radiative transfer simulation,
FINRAD, is written in Python 3 and based on sparse matrices. It
was extensively tested using known analytical and numerical so-
lutions for scattering atmospheres and the well-known transfer
code XILLVER for reflection from accretion disks (J. A. Garcia
priv. comm.). Some examples of this code verification are pre-
sented in Appendix A.
2.5. Complete simulation
In order to determine the structure of the atmosphere and then
use it to solve the radiative transfer equation, we first need to
obtain an estimate of the stopping length of protons, y0. The de-
tailed modeling of the proton stopping at the level of, e.g., Kirk
{Ṁ ,r0 , Ecyc , f cyc }
Set of parameters
 Calculate atmospheric
  structure: T e( y) ,ρ ( y )
Solve radiative transfer
equation: 
Initial guess y0 










Increase  y0 
Lnum>Lacc?
Write spectrum
Fig. 3. Flowchart of the complete numerical solution.
& Galloway (1982) or Miller et al. (1987), is outside the scope
of this paper. Instead, we iteratively find y0 for each given set
of the parameters, {Ṁ, r0, Ecyc, fcyc}, by requiring that energy
is conserved inside the emitting region. Specifically, for a cho-
sen Ṁ, we require that all kinetic energy of the accretion flow is














where F1 and F2 are the specific fluxes of the extraordinary and
the ordinary mode, respectively.
In order to obtain a self-consistent model of the atmosphere,
for each set of parameters {Ṁ, r0, Ecyc, fcyc} we choose an ini-
tial value for y0 (usually, y0 = 6–9 g cm−2), calculate the atmo-
spheric structure based on the discussion in Sect. 2.2, and then
solve the radiative transport as described in Sect. 2.4 to obtain
the flux. We then compare the resulting luminosity of the slab,
Lnum, to Lacc and, if necessary, adjust y0 iteratively until energy
conservation is achieved at better than 10% tolerance, i.e., until
|Lnum − Lacc|/Lacc < 0.1. The total process of the simulation is
illustrated in Fig. 3.
For the discretization of the spatial scale, we use a logarith-
mic grid within the range y = 10−3–103 g cm−2. We continue
our grid to such high column densities (compared to y0) to en-
sure that the medium has a sufficiently high optical depth for
both polarization modes over a wide energy range. Angular dis-
cretization is performed according to the 8-point double-Gauss
formula for µ given by the roots of the Legendre polynomial on
the range [0, 1] (see Sykes 1951; Mihalas 1978, chap. 3). The en-
ergy grid requires more care, as it is necessary to ensure having
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a fine grid around the cyclotron resonance while the grid in the
continuum can be coarser. At the same time, however, the steps
in the energy grid should not change abruptly as this can lead
to instabilities in the numerical scheme and also strongly affects
the redistribution in energy. Our compromise solution is to use a
non-uniform grid generator where the points condense gradually
towards the so-called “target”, which in our case is the cyclotron
resonance. Here, we apply the generator by Tavella & Randall
(2000), which gives the grid points


















and where the parameter ζ determines the uniformity of the grid.
In our calculations, we choose ζ = 0.3 and set Emin = 0.8 keV,
Emax = 250 keV, with a total of 300 points on the energy grid.
3. Spectral formation and atmospheric structure
In this section, we describe the obtained atmospheric structure,
the formation of the emergent radiation field, and its spectral
shape. We base our discussion on a parametric study of a set
of 144 spectra in which we varied the mass accretion rate, polar
cap radius, magnetic field, and the fraction of accretion energy
going into non-thermal collisional excitation of electrons over
the following parameter ranges: Ṁ = [4–16] × 1013 g s−1, r0 =
[80–140] m, Ecyc = [50–80] keV, fcyc = [0–0.4]. The neutron
star mass and radius are fixed to 1.4 M and 12 km, respectively.
3.1. Atmospheric structure
We start our discussion with a description of the internal struc-
ture of the atmosphere, which to a large extent determines the
shape of the emergent spectrum. Figure 4(right) shows the elec-
tron temperature and density distribution along the vertical axis
in the atmosphere for a typical set of parameters. The atmo-
sphere has two principal parts determined by y0. In the upper
part, where y < y0, the heating by accreted matter significantly
affects the energy balance (Eq. 6). The temperature of this region
mainly depends on y0 and reaches values of 30–40 keV. Media
with shorter y0 have a higher temperature as the accretion energy
dissipates in a smaller volume. In the dense lower part of the at-
mosphere, only the balance of free-free processes and Compton
scattering determines the low equilibrium temperature (∼2 keV).
A constant level of the local electron temperature is reached soon
after y0 and depends mainly on the ratio Ṁ/πr20, which controls
the properties of the falling flux at the upper border of the at-
mosphere through the continuity equation. We also emphasize
which parts of the atmosphere play a major role in the formation
of individual spectral components. We will focus on this in the
following sections.
In addition to the column density, Fig. 4(right) shows the
scales for optical and geometrical depths in the atmosphere.
We emphasize that even though the total column density ymax
is high, the atmosphere remains a geometrically thin layer of
only ∼10 m. It justifies our assumption about a constant mag-
netic field along the vertical direction inside the atmosphere and
allows us to estimate the effect of gravitational redshift on the
emitted spectrum (see, for example, Sect. 4). Besides, it vali-
dates the choice of one-dimensional treatment for the radiative
transfer, as the surface area of the sidewall of the atmospheric
slab, Asw = 2πzmaxr0 is much smaller than the polar cap area,
A = πr20. The simple estimate on the corresponding luminosities
yields Lsw/Ltop < 2zmaxr0  1. Thus, the radiation flux through
the sides can be neglected. Of course, the escape of photons from
the sidewall is by no means free and is determined by the radiant
thermal conductivity of the magnetized plasma.
3.2. Formation of the emitted spectrum
We can now discuss the spectral formation in the atmosphere
with pre-calculated structure as a result of photon-electron inter-
actions in a highly magnetized medium in detail. We first investi-
gate the formation of the spectrum in the absence of non-thermal
collisional excitations in the atmosphere, i.e., fcyc = 0. This case
corresponds to a very strong magnetic field where the energy of
the flow is insufficient to excite the electrons even to the first
Landau level. This approach allows us to illustrate the details of
the second hump origination.
A typical energy flux (times energy) for low mass accretion
rates onto a magnetized neutron star from the polcap model is
shown in Fig. 4(left), corresponding to the atmospheric structure
from Fig. 4(right). The overall emerging spectrum has two dom-
inant spectral components: a softer, thermal hump and a high-
energy (“second”) hump characterized by a cyclotron line.
We can understand the formation of the spectrum by study-







changes throughout the atmosphere in our model. The mean in-
tensity J can be found at each internal spatial layer by calculating
the quadrature over angles, Jp(E, y) =
∑
4µup(E, µ, y), where wµ
are the weights given by double-Gauss formula. The top part of
Fig. 5 shows the evolution of the photon density spectrum inside
the atmosphere. Starting at the bottom of the slab, at the high-
est optical depth, τT ≈ 4 × 102, the free-free absorption dom-
inates opacities for both modes (see the right-hand side of the
Fig. 2, displaying the scattering cross sections for similar con-
ditions) and the radiation field is at local thermodynamic equi-
librium. The photon spectrum is Planckian corresponding to the
local electron temperature kTe = 2 keV. At higher, but still opti-
cally thick, layers of the slab, one can see the effect of Compton
up-scattering and the formation of the cyclotron scattering fea-
ture. Since the scattering coefficient in the line core is very high,
the photons are mainly scattered out of the core, forming pro-
nounced shoulders to the line on top of the Comptonized contin-
uum. Closer to τT ≈ 1, the temperature profile is affected by the
heating of the slab by accreted matter. It results in more efficient
Compton up-scattering of softer photons and further diffusion of
the photons away from the line core, which together with the
significant temperature gradient fills up the feature, making it al-
most completely disappear. At small optical depths, τT . 10−2,
the continuum is not further affected by scattering, except for
the region near the cyclotron energy. As the upper part of the
atmosphere has a very high electron temperature, the resulting
cyclotron line is very broad. We find that its width can be well
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Ṁ = 4×1013 g s−1
fcyc = 0
r0 = 100 m
























































Fig. 4. Left: Emerging spectrum in two polarization modes. Solid lines describe the total flux, dotted lines extraordinary, and dashed lines ordi-
nary photons. Right: Atmospheric structure: electron temperature (solid) and number density (dash-dotted). The major spectral components and
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τT = 5× 10−2 kTe = 30 keV
τT = 1× 100 kTe = 12 keV
τT = 2× 100 kTe = 5 keV
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Fig. 5. Top: Photon density at different optical depths of the neutron
star atmosphere, τT, summed over polarization modes. The set of model
parameters is the same as in Fig. 4. Bottom: Photon density integrated
over photon energies in each polarization mode. Markers correspond to
the lines of a similar color in the top panel; circles indicates ordinary
and crosses extraordinary photons.
In the case discussed here, kTe = 33 keV, Ecyc = 70 keV, and
〈cos θ〉 = 2/π result in EFWHM ≈ 27 keV, in agreement with the
line width from our simulation.
The bottom panel of Fig. 5 shows the energy integrated pho-
ton density profile inside the atmosphere. Deep in the atmo-
sphere, both photon modes are thermal and mixed. As a result,
radiation is unpolarized. The extraordinary mode saturates to the
equilibrium value much deeper in the atmosphere due to much
lower opacity. Since the mean free path, λ, scales as λ ∝ σ−1,
at low energies extraordinary photons have a much longer mean
free path than ordinary ones (see Fig. 2). For this reason, soft
extraordinary photons can leave the medium from deeper lay-
ers of the atmosphere, and the radiation becomes polarized.
The density of extraordinary photons is additionally increased
by mode conversion during scattering events. Once an ordinary
photon changed its polarization during scattering, it can leave the
medium. As a result, the spectrum of the emergent radiation is
dominated by soft extraordinary photons. The high-energy pho-
tons and the ordinary mode are trapped in the atmosphere longer
by the resonant scattering. For both polarizations, photon den-
sities decrease towards the top of the atmosphere, reaching the
limiting values at an optical depth comparable with their mean
free path. We note that these conclusions are in agreement with
the results of Meszaros & Nagel (1985b) for a deep optically
thick atmosphere.
In summary, the high-energy component is mainly pro-
duced by resonant magnetic Comptonization in the heated non-
isothermal part of the atmosphere, and then modified by the for-
mation of the cyclotron line in the optically thin layers. Our po-
larization dependent computations also show that the fluxes of
ordinary and extraordinary photons emerging from the atmo-
sphere at the high-energy component is very similar to each
other. This is caused by the large cross sections around the
cyclotron resonance for both modes. However, more actively
comptonized ordinary photons dominate in the line core.
In contrast, the low-energy component is mainly formed
by extraordinary photons. As extraordinary photons can escape
from deeper layers of the atmosphere, the soft thermal emission
in this mode is not modified dramatically by scattering. For the
ordinary photons, on the other hand, it is significantly changed
by Compton up-scatterings. Here, we see a flattened spectrum in
low energy part of the ordinary mode, which results from sat-
urated Comptonization, in agreement with previous results for
high optical depth for magnetic (Meszaros & Nagel 1985a) and
non-magnetic (Sunyaev & Titarchuk 1980) atmospheres. Con-
sidering this and the dominant contribution of the extraordinary
mode to the low energy part of the spectrum, we can therefore
expect the outgoing radiation to have a high degree of polariza-
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tion. The distinguished contribution of the ordinary and extraor-
dinary photons to the soft and hard energy band of the emerging
spectrum is also well known from the studies of Ceccobello et al.
(2014) and Lyubarskii (1988a,b).
3.3. Parameter dependency of the emitted spectrum
We now turn to studying the effects of the model parameters
on the photon spectra emerging from the neutron star atmo-
sphere. We choose a baseline model with parameters Ṁ =
1.6 × 1014 g s−1, Ecyc = 70 keV, r0 = 140 m, and fcyc = 0. The
energy flux times area is always shown for this model in purple
in Fig. 6(a-d, left), with the corresponding atmospheric profiles
on the right. We then vary each parameter at a time and show
the spectra and the atmospheres relative to this model. By de-
creasing the mass accretion rate compared to our baseline model
(Fig. 6(a)), we obtain a lower bottom temperature and, conse-
quently, a weaker and softer thermal hump. At a lower accretion
rate, our iterative solution for the atmosphere reaches the energy
conservation (Eq. 29) at a higher y0. Consequently, the volume
in which most of the accretion energy is released increases. This
leads to a lower temperature also in the entire upper part of the
atmosphere, and, accordingly, to a less active formation of the






max (τ, τ2), (34)
for a magnetized plasma. We note that Eq. 34 is applicable only
to the continuum formation and should be understood only in
the sense of dependence on electron temperature in case of par-
tial energy redistribution, which is responsible for the second
hump formation. A decrease in the polar radius (Fig. 6(b)) leads
to the opposite effect on the atmosphere, as compared to a de-
crease in the mass accretion rate since the volume of the entire
energy release decreases. Thus, the temperature rises through-
out the atmosphere and the thermal hump becomes much harder.
However, as we show spectra in energy flux times area units, it is
clear that the luminosity is lower for the model with a smaller po-
lar radius. Both decrease in r0 and increase in Ṁ, i.e, increase in
flux density, ρ0vff = Ṁ/A, leading to the higher stopping length.
Figure 6(c) shows that reducing the cyclotron energy, i.e,
the surface magnetic field, to 50 keV does not affect the ther-
mal hump. Even though the temperature of the upper part of the
atmosphere decreases, the strength of the second hump is not re-
duced, although it is shifted to lower energies. The formation of
this spectral component directly depends on the cyclotron energy
and the temperature of the upper atmosphere. As we reduced the
cyclotron energy much more than the upper temperature, we left
room for more efficient energy redistribution near the cyclotron
resonance, resulting in strong wings and a deep line. It is impor-
tant to mention, however, that the width of the line only appears
to be bigger than it is at higher cyclotron energy because of the
logarithmic energy scale.
Finally, we allow for non-thermal collisional excitations dur-
ing the plasma braking in the atmosphere (Fig. 6(d)). We in-
crease the parameter fcyc to 0.4, so now 40% of the accreted
energy goes into collisional excitations of the ambient electrons,
whereas the rest contributes to heating. This change does not
affect the stopping length, y0, as we just redistribute energy
sources. For the atmospheric profile, it mainly lowers the bottom
temperature, softening the thermal hump. Simultaneously, we
see a rise in the second hump, as the shoulders become stronger
and the cyclotron line more shallow. Thus, the main effect of
adding a source of non-thermal cyclotron photons is a change in
the ratio of the thermal and the high-energy humps while simul-
taneously reducing the line depth.
4. Application to data: fitting GX 304−1 with polcap
The spectral shapes discussed in Sect. 3 are in qualitative agree-
ment with the spectral shapes seen from accreting neutron stars
in the low Ṁ limit. However, only fitting the model to real data
will give a clear idea of its applicability. To that end, we apply
the polcap model to analyze deep observations of the Be X-ray
binary GX 304−1 made with NuSTAR and Swift/XRT.
GX 304−1 was discovered in October 1967 during a bal-
loon flight from Mildura, Australia (Lewin et al. 1968a,b), and
later by McClintock et al. (1971) in 1970. Observations with the
Small Astronomy Satellite 3 (SAS 3) in February 1977 revealed
regular X-ray pulsations with a period of about 272 s (McClin-
tock et al. 1977). GX 304−1 consists of a highly magnetized neu-
tron star and the main sequence fast-rotating Be-star V850 Cen.
The system is located at a distance of about 2 kpc (Parkes et al.
1980; Rouco Escorial et al. 2018). At the time of discovery the
source showed the typical behavior of accreting neutron stars
in Be-systems, with regular type I outbursts at an orbital period
of 132.5 d, which are associated with the periastron passages of
the neutron star through the excretion disk of the Be star donor
(Priedhorsky & Terrell 1983). GX 304−1 showed two periods of
regular activity. The first one lasted from the moment of the dis-
covery until 1980, when its flux dropped to quiescence (Pietsch
et al. 1986), followed by a 28 yr long “off” state.
Renewed activity of GX 304−1 was found with INTEGRAL
in 2008 (Manousakis et al. 2008), and the source stayed ac-
tive until mid-2013. During this time, using data from the Rossi
X-ray Timing Explorer (RXTE) and Suzaku, Yamamoto et al.
(2011) discovered a CRSF with a centroid energy of ∼54 keV.
Later analysis showed that the CRSF is positively correlated with
source luminosity (Klochkov et al. 2012; Malacaria et al. 2015).
Malacaria et al. (2015) found the CRSF detectable at all rotation
phase bins and obtained a maximum centroid energy of 62 keV,
corresponding to a magnetic field strength of 6.9 × 1012 G. Jai-
sawal et al. (2016) discovered a significant variation of the cy-
clotron line parameters with rotational phase.
Malacaria et al. (2017) showed that irregular activity of
GX 304−1 is closely related to the circumstellar disk evolution.
During the outbursts, when GX 304−1 had a typical luminosity
of 1036–1037 erg s−1, the spectra are well described by a cutoff
power law (Yamamoto et al. 2011; Jaisawal et al. 2016). Kühnel
et al. (2017b) showed that intervals of increased absorption col-
umn during this time are compatible with an inclined Be disk,
consistent also with the model for changes in the geometry of
the large-scale accretion flow (Postnov et al. 2015b). Rothschild
et al. (2017) suggested that spectral shape and positive corre-
lation of the CRSF with luminosity can be explained assuming
the accretion flow is in the collisionless shock braking regime.
In the quiescent state, however, a recent NuSTAR observation
shows the source to have a bimodal spectral shape with humps
around 5 keV and 40 keV and comparable energy fluxes (Tsy-
gankov et al. 2019b), resembling the spectral shapes discussed
in Sect. 3. This makes GX 304−1 an ideal candidate to test the
polcap model on observational data.
We used a low luminosity NuSTAR observation of
GX 304−1, taken on 2018 June 3 (ObsID 90401326002) which
is complemented by a contemporaneous Swift/XRT observa-
tion (ObsID 00088780001). We processed the NuSTAR data
with NUSTARDAS pipeline version 2.0.0 with CalDB version
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Fig. 6. Dependency of the emerging spectra (left column) and atmospheric structure (right column) from the model parameters. The spectra are
shown in energy flux times polar cap area, i.e., in luminosity units, for both polarization modes. Shown are from top to bottom how the spectral
shape and the structure of the atmosphere depend on the mass accretion rate, Ṁ (a), the polar cap radius, r0 (b), the cyclotron energy, Ecyc (c), and
the fraction of the accretion energy going into non-thermal collisional excitations, fcyc. The same baseline model is shown in purple in all panels.
See text for a further discussion.
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Table 1. Parameters of the best-fit models of the pulse-averaged spectra
shown in Fig. 7.
Parameter best-fit












CFPMBa 1.00 ± 0.04
CXRTa 0.91+0.13−0.11
Cash/d.o.f. 276.03/221 = 1.25
Notes. The indicated uncertainties are at 1.6σ (90%) confidence level.
(a) Detector cross-calibration constants with respect to FPMA.
20201101 under HEASoft V6.28. Source and background re-
gions for both NuSTAR focal plane modules (FPMs) are cir-
cles of 30′′ radius, centered on the source and outside the
point spread function wings, respectively. We reprocessed the
Swift/XRT data with xrtpipeline version 0.13.5. Source and
background spectra were extracted using XSELECT version 2.4
for a circular source region of 20′′ radius and an annulus back-
ground region, with radii of 80′′ and 120′′. We use ISIS v. 1.6.2
for our spectral analysis (Houck & Denicola 2000). We applied
optimal binning following the approach of Kaastra & Bleeker
(2016) and used Cash statistics (Cash 1979) for spectral fitting.
As the observation was performed during a deep quiescent state,
we find the high energy band to be strongly background dom-
inated above ∼35 keV. Therefore, we restrict the energy range
used for spectral fitting to 1–6 keV and 4–35 keV for Swift/XRT
and NuSTAR, respectively.
To compare the polcap model with the data we use the re-
sults from the parametric study described in Sect. 3 to generate
an additive table model that is compatible with XSPEC and ISIS.
Thus, the table model contains 144 spectra, between which in-
terpolation is possible. To obtain the flux on the detector, we
multiply the flux in the neutron star rest frame by the factor
2πr20/4πD
2, for a distance D = 2 kpc. We note that this approach
implies symmetric accretion onto two poles and isotropic emis-
sion. Models in which these very simplifying assumptions are
relaxed will be presented in subsequent work. We fix the grav-
itational redshift to z = 0.24, as is appropriate to the surface of
a neutron star with MNS = 1.4 M and R = 12 km. Finally, we
account for photoelectric absorption in the interstellar medium
using the tbnew model with the cross-sections by Verner et al.
(1996) and abundances by Wilms et al. (2000).
The complete model used in our spectral fits is, in XSPEC-like
notation,
S (E) = detconst × tbnew × polcap, (35)
where detconst accounts for differences in flux calibration be-
tween the FPMA and FPMB detectors onboard NuSTAR, as well
as the difference between FPMA and Swift/XRT calibration. We
note that we explicitly do not re-scale our model during the fit
in order to ensure that we reproduce not only the spectral shape
but also the absolute value of the energy flux. Figure 7 shows the
unfolded phase-averaged spectrum and the best-fit model, the
parameters and statistics for which are presented in Table 1. Fig-


































Fig. 7. Unfolded spectrum of the low luminosity observation of
GX 304−1 in EF(E) with the best-fit model (solid black line) for NuS-
TAR FPMA (blue), FPMB (violet), and Swift/XRT (cyan). For clarity
we rebinned the spectra with larger bins for plotting than the ones used
for the fit (top). Ratio for the best-fit model (bottom).
maps are calculated by stepping through the two-dimensional
grid corresponding to the two parameters of the model and fit-
ting the data at each point of the grid. The obtained statistic is
then compared to the best-fit one (Table 1). Contours for all pa-
rameters show the absence of degeneracies.
Overall, the spectrum shows the double-hump shape dis-
cussed above. The high-energy excess in the spectrum is de-
scribed by the left-hand part of the “second hump”, e.g., the red
wing of the cyclotron line formed in the hot non-homogeneous
atmosphere due to resonance Compton scattering.
The mass accretion rate from the best-fit model is ∼6.4 ×
1013 g s−1 and cyclotron energy is ∼58 keV, which corresponds
to a surface magnetic field B0 = 5×1012 G. The fundamental cy-
clotron line, in this case, would be observed at ∼58 keV/(1+z) ≈
47 keV. This energy agrees with previous results, although in
this case we rather expect to see higher cyclotron line energy,
breaking the positive correlation of the CRSF with luminosity
discussed by Rothschild et al. (2017, and references therein),
as emission comes directly from the surface of the neutron star.
However, the cyclotron line energy range itself is not available
for the analysis in this observation as the data above ∼35 keV
are dominated by background. The Ecyc parameter in this case is
mainly affected by the position of the left-hand part of the sec-
ond hump, which is not well constrained. In addition, the line
position depends on the angle under which the emission region
is observed. Thus, by using the spectrum averaged over the an-
gles and avoiding the relativistic ray tracing from the neutron
star surface, we lose some information about the line centroid
energy. We will analyze it in detail in our future paper on pulse-
resolved extension of the polcap model (Sokolova-Lapa et al.,
in prep., paper II hereafter). The polar cap radius of ∼130 m is




RNS/RA ≈ 160 m, (36)
where RA = ξµ4/7(2Ṁ)−2/7(2GMNS)−1/7 is the Alfvén radius,
with dipole moment µ = B0R3NS and ξ = 1. In reality, the co-
efficient ξ is close to unity, but its exact value depends on a
screening factor originating from currents induced on a surface
of an accretion disk and on magnetic pitch at the inner edge
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of the disk (Wang 1996). The fcyc parameter from the best-fit
has a value of ∼0.23, i.e., 23% of the energy of the accretion
flow goes into non-thermal excitations of Landau levels. As we
noted before, this parameter mainly affects the relative strength
of the two spectral components and can be influenced by the
fact that the high-energy component is not well constrained.
The total luminosity, under the assumptions stated above, is
L = 1.2 × 1034 erg s−1.
5. Summary, Discussion, and Conclusions
5.1. Summary
In this paper we discussed our model of accretion at low Ṁ onto
magnetized neutron stars. Despite the obvious simplifications in
our approach, we managed to obtain a structure of the atmo-
sphere and the radiation field that is internally consistent. This
allows us to understand, although partly in a parametric way, the
physics of accretion at low Ṁ and how these parameters influ-
ence the emitted spectrum and its polarization.
We first showed that the atmosphere has a two-zone structure
consisting of a very hot layer which is mainly cooled by Comp-
ton scattering, and a colder interior. Using angle-dependent,
polarized radiative transfer computations, we showed that this
structure leads to a spectral energy distribution that is character-
ized by two humps. The most important results of our detailed
radiative transfer are the following:
– The physical origin of the two-humped X-ray spectral shape
is due to the strong polarization and temperature dependency
of the Compton scattering cross section.
– The lower-energy, thermal hump is mainly formed by the ex-
traordinary photons that originate in the deep layers of the
atmosphere.
– The harder, second hump is due to resonant magnetic Comp-
tonization in an atmospheric layer with a strong temperature
gradient, and is modified by the cyclotron line in the upmost
hot layer.
– A fraction of the accretion energy is used to excite atmo-
spheric electrons into higher Landau levels, which affects the
relative luminosity of the two spectral components.
The formation of a high-energy excess by Comptonization
in the overheated part of the atmosphere with optical depth
around unity is well known for non-magnetic plasmas in neu-
tron star low-mass X-ray binaries (see, e.g., Deufel et al. 2001;
Suleimanov et al. 2018) and in X-ray binaries with black holes
(e.g., Sunyaev & Titarchuk 1980; Hua & Titarchuk 1995; Dove
et al. 1997; Wilms et al. 2006, and references therein). For high
magnetic field values (with corresponding Ecyc & 40 keV) this
region is also modified by the resonant nature of the scattering.
We expect this process to always be present in highly magnetized
atmospheres with the strong temperature gradient as formed in
the case of Coulomb collisions. As we showed in Sect. 3, even
without non-thermal collisional excitations in the atmosphere
(whose contribution is highly conditional) the high-energy com-
ponent in the spectra is produced by resonant magnetic Comp-
tonization.
Our model can quantitatively explain the observational data
of GX 304−1 at low luminosities. The parameters for the atmo-
sphere that are obtained with the model appear physically rea-
sonable, with a polar cap radius of ∼130 m, mass accretion rate
of 6.4 × 1013 g s−1, and cyclotron energy of 58 keV at the sur-
face of the neutron star. The model requires about 23% of the
accreted energy to go into non-thermal excitations of electrons
into upper Landau levels.
These results open up various avenues for further refining the
study of the physics of accretion onto neutron stars at low mass
accretion rates. In the following sections, we describe these in
more detail, starting with the general atmospheric structure in
Sect. 5.2, and then discussing in Sect. 5.3 the expectations on
the collisional excitation of electrons as part of the process of
plasma stopping in the neutron star atmosphere. In Sect. 5.4, we
address the alternative possibility of matter stopping at low mass
accretion rates, the collisionless shock. Finally, we summarize
the prospects for further development of the model in Sect. 5.5.
5.2. Atmospheric structure and proton stopping
As discussed above, the atmospheric structure of our model is
typical for collisionally heated atmospheres, with a hot optically
thin layer near the surface and a colder deep interior. In Sect. 3.3
we found that to a high degree the temperature of the overheated
layer depends on the proton stopping length. In our model, y0
is obtained indirectly, as a result of the iterative procedure de-
scribed in Sect. 2.5. This approach, while greatly simplified, nev-
ertheless allows for some consistency between the atmosphere
and the radiation field. It also rules out the unphysical solutions
and parameter values that give too high or, conversely, unrealis-
tically low emitting power of the atmosphere.
The real picture of plasma braking in the neutron star atmo-
sphere is much more complicated, although it can be parame-
terized well in our approach. It can be divided into three main
sub-problems: (i) the evolution of the distribution function of
the falling protons after entering the atmosphere, (ii) the balance
between heating and cooling in the atmospheric plasma and, fi-
nally, (iii) the radiation propagation in the atmosphere. These
problems, which are often complex by themselves, in princi-
ple would need to be addressed in a self-consistent manner. Ad-
vanced models (e.g., Meszaros et al. 1983; Harding et al. 1984;
Miller et al. 1987, 1989; Nelson et al. 1993, 1995) couple, to
some degree, the proton stopping, energy balance, and radiative
processes, but still contain a number of serious simplifications,
especially regarding spectrum formation.
The Coulomb braking regime assumes that the incident flow
gradually loses energy inside the nearly static atmosphere of the
neutron star by proton-electron Coulomb collisions (with and
without electron excitation to a higher Landau level). The stop-
ping power of the plasma is also affected by the generation of the
collective plasma oscillations. The energy loss of protons falling
along the z-axis, resulting from both individual encounters and














where we implicitly define the Coulomb logarithms and where
the term Λind includes both types of collisions, with and without
excitations. Equation 37 also provides the heating rate through-
out the atmosphere, which is to be used in the energy balance.
For a strong magnetic field, when only excitations up to 1–
2 Landau levels are possible, the stopping power of the atmo-
sphere is smaller than in the non-magnetic field case. Meszaros
et al. (1983) and Harding et al. (1984) found a stopping length
of ∼20 g cm−2 from their stopping simulations in an inhomo-
geneous atmosphere for small pitch angles collisions. Miller
et al. (1989) included Coulomb collisions for arbitrary pitch
angles and momentum transfer, obtaining a stopping length
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Fig. 8. Parameter probabilities for the polcapmodel applied to the low luminosity observation of GX 304−1. Correlations for different parameters
are shown in color as two-dimensional confidence maps, where dotted, dashed and solid contours correspond to the 99%, 90%, and 68% confidence
regions, respectively. Here “∆C-Stat” represents the statistic change compared to the best-fit. Side panels on the right show the one-dimensional
parameter probabilities.
of ∼40 g cm−2. In this case, bremsstrahlung remains the main
source of photons, although a fraction of the accretion stream
energy is converted to cyclotron radiation produced by the decay
of collisionally excited electrons. We will discuss the effect of
this process in detail in Sect. 5.3. The values of y0 found by our
iterative simulations (Sect. 2.5) are lower than those obtained in
the previous works on magnetic atmospheres. This behavior is
a consequence of the assumed energy release profile along the
z-axis of the slab (see Eq. 6). The more detailed simulations of
the Coulomb braking in the atmosphere show that although the
energy loss rate can stay nearly constant throughout a signifi-
cant part of the atmosphere, it is rather lower than given by our
simplified expression.
We note that we use non-magnetic coefficients to calculate
the energy balance (see Eq. 2,3) in the current version of the
model, and thus the magnetic field strength on the surface of the
neutron star can influence the structure of the atmosphere only
indirectly through its effect on y0 search in the numerical pro-
cedure. However, similar to the model used here, more complex
calculations (Miller et al. 1989; Harding et al. 1984) also result
in temperature profiles with a thin hot Compton cooling layer on
top and a much cooler lower region, similar to the non-magnetic
case. The atmospheric profiles obtained with our model success-
fully mimic this self-consistent calculation for magnetic atmo-
spheres, which suggests that our approach is adequate for study-
ing the spectrum emerging from such atmospheres.
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5.3. Collisional excitation
The contribution of non-thermal collisional excitations to the
process of plasma stopping in the atmosphere of a neutron star
strongly depends on the strength of the source magnetic field (the
higher the field, the fewer excitations are possible) and the veloc-
ity of the accretion flow, and is difficult to estimate in detail. For
this reason, we parametrize the contribution of collisional exci-
tations to the stopping process by introducing the parameter fcyc.
We then exclude this fraction of energy from the heating of the
atmosphere (Eq. 4), and directly convert it into cyclotron pho-
tons (accounting for the Doppler broadening, Eq. 21). This ap-
proach allows us to investigate the influence of non-thermal col-
lisional excitations on the formation of the spectrum. We found
fcyc = 0.23 for the case of the low luminosity observation of
GX 304−1, i.e., about 23% of the accreted energy is going into
excitations of electrons to the higher Landau level. In this sec-
tion, we will try to assess how reasonable this number is.
If the plasma approaches the neutron star surface at free-fall
velocity, vff , then the maximum Landau level to which electrons





For our modeling of the spectra of GX 304−1, with assumed pa-
rameters MNS = 1.4 M and radius RNS = 12 km, and using
the cyclotron energy at the surface of the neutron star, Ecyc =
58 keV, we find nmax = 1.
In detailed simulations of the proton stopping in neutron star
atmospheres, Miller et al. (1989) showed that for magnetized at-
mospheres with nmax up to 2 and for B = 5 × 1012 G the fraction
of the accretion energy going into collisional excitations of Lan-
dau levels is about 10% (Table 1, last column, in Miller et al.
1989). This is similar to the model of Nelson et al. (1993, 1995),
which predicts a high-energy excess due to cyclotron photons
as a result of the collisional excitations in the atmosphere for
nmax  1. For high nmax Nelson et al. (1993, 1995) predict a
significant contribution of the collisional excitations to the stop-
ping process. However, for low nmax = 1, 2 their results agree
with those of Miller et al. (1989) (see, e.g., Fig. 7 in Nelson et al.
1993). The best-fit result of our parametrized description of non-
thermal collisional excitation is a bit higher than given by these
simulations. It can be caused by the fact that the high-energy
component is not well constrained in low luminosity observa-
tion of GX 304−1, as well as by ignoring the energy losses in
the atmosphere, e.g., by the generation of the collective plasma
oscillations, within the framework of our model. The latter can
lead to a decrease in the strength of the low-energy component
and result in the lower value of fcyc found by the best-fit.
We conclude that for highly magnetized atmospheres and
low accretion rates Coulomb collisions without excitations re-
main the main mechanism of plasma braking, such that ∼80% of
the accreted energy is used to heat the atmosphere.
Finally, we comment on the consequences of these esti-
mates for observations of other sources. In Sect. 3.3 we showed
that while a high-energy excess in the spectra is formed in
the absence of the seed cyclotron photons, fcyc = 0, by mag-
netic Comptonization, the real data require a contribution of
photons from non-thermal collisional excitations that amounts
to fcyc = 0.23 to explain the spectral energy distribution of
GX 304−1. We suggest a similar mechanism, e.g., resonant mag-
netic Comptonization in the non-homogeneous atmosphere with
a contribution of the non-thermal cyclotron emission (depend-
ing on the source magnetic field), for the formation of the high-
energy excess of other highly magnetized sources at very low
luminosities. Thus, for A 0535+262, with a slightly lower mag-
netic field, Ecyc = 48(1 + z) keV, following Sect. 5.3 we obtain
nmax = 1–2, depending on the neutron star mass and radius. For
X Persei, estimates of the magnetic field value vary. The pro-
posed value from accretion torque models yields B ∼ 1014 G
(Doroshenko et al. 2012). Assuming similar spectral formation
for X Persei as for GX 304−1 and A 0535+262, as suggested
by Tsygankov et al. (2019b,a), we expect the cyclotron line
to be located above ∼100 keV which implies a magnetic field
B & 9× 1012 G (Mushtukov et al. 2020). Similarly, the magnetic
field for GRO J1008−57 is estimated to be B & 6.5 × 1012 G,
with a cyclotron line observed at 78 keV (Kühnel et al. 2017a;
Bellm et al. 2014; Yamamoto et al. 2014), and a recent claim
of a significantly higher energy of ∼90 keV (Ge et al. 2020). In
the case of such high magnetic fields, collisional excitations in
the atmosphere are hardly possible. We therefore conclude that
models that explain the high-energy component mainly by colli-
sional excitations followed by cyclotron photon emission (Tsy-
gankov et al. 2019a; Mushtukov et al. 2020) require an unreason-
ably high contribution of this process for the Coulomb braking
regime, which is not supported by the detailed studies on colli-
sional stopping in magnetized atmospheres.
5.4. Collisionless shock
So far we consider that Coulomb collisions in the neutron star’s
nearly static atmosphere were responsible for the braking of the
downfalling plasma, as suggested by ZS69 for spherical accre-
tion and later developed by many others for non-magnetic (see,
e.g., Turolla et al. 1994; Deufel et al. 2001) and magnetic (Kirk
& Galloway 1982; Miller et al. 1989, and references therein) at-
mospheres. We note, however, that Shapiro & Salpeter (1975)
proposed an alternative scenario that also develops at low ac-
cretion rates onto a magnetized neutron star. In this scenario a
standing adiabatic shock wave forms at some distance, hs, above
the surface due to rapidly grown plasma instabilities (Bykov &
Krasil’Shchikov 2004). The post-shock velocity of the accretion
flow is greatly reduced, vs ∼ vff/4 (Shapiro & Salpeter 1975).
The matter therefore loses a significant fraction of the kinetic
energy passing through the narrow transitional region. This en-
ergy release results in hot electrons behind the shock that cool
down mainly by the Compton effect, similar to the upper layer
of the Coulomb heated atmosphere. Bykov & Krasil’Shchikov
(2004) simulated the origin of collisionless shocks for interme-
diate mass accretion rates, Ṁ ∼ 1015–1016 g s−1.
Further studies are required to make a clear distinction be-
tween the two regimes, stopping in the atmosphere by Coulomb
collisions and by passing through a collisionless shock. The im-
portant test here is the behavior of the cyclotron line with lumi-
nosity. For the case of plasma braking in the neutron star atmo-
sphere, the line stays constant with changing mass accretion rate
since the height of the atmosphere is almost independent of the
accretion rate. In contrast, the height of the collisional shock de-
creases with increasing mass accretion rate, which can result in
a shift of the line forming region to higher magnetic field values.
Rothschild et al. (2017) applied this model to explain the positive
correlation of the cyclotron line with luminosity in the spectra of
GX 304−1 at intermediate mass accretion rates. Similarly, Vy-
bornov et al. (2017) studied the variability of the cyclotron line
and the continuum hardness ratio with luminosity in the spec-
trum of Cepheus X−4 based on the collisionless shock model.
However, they assumed that the emission from the aftershock re-
gion has the typical power law spectrum. A more accurate study
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of the spectral formation under the assumption of a collisionless
shock is required. Another possibility to distinguish between col-
lisionless shock and Coulomb braking regimes is studying the
pulse profiles that are expected to be different for the case of an
emitting hot spot and an accretion column.
5.5. Outlook
Despite the simplifications outlined in the previous sections, our
model of accretion onto magnetized neutron stars at low Ṁ al-
ready gives a good description of the observations. Further mod-
eling work and analysis of observations, however, is needed to
test the model and its limitations. First of all, based on our dis-
cussion of the contribution of the collisional excitations to the
spectral formation in Sect. 5.3, we argue that more careful sim-
ulations of the stopping process in the column are needed. In
addition, these need to be compared with data from other highly
magnetized sources at low luminous states, e.g., A 0535+262,
GRO J1008−57, and X Persei, in order to test the consistency of
the contribution of non-thermal collisional excitations with an
estimate of the source magnetic field.
A second extension of the current model would be to perform
even more careful simulations of the cyclotron processes. Specif-
ically, the effect of plasma polarization to the normal modes and
the relativistic effects on the scattering cross sections have to be
included in the radiative transfer. Alexander et al. (1989) showed
that the relativistic cyclotron line is sharper, narrower, and ap-
pears at slightly lower energies than the non-relativistic one for
the radiative transfer under the same atmospheric conditions. We
assume that this might influence not only the line formation it-
self at the most superficial layers of the atmosphere but also the
near-resonant scattering that forms a high energy continuum. In
addition, the introduction of proper modeling of stimulated scat-
tering, rather than the approximate way used here, could affect
the high energy spectrum by slightly increasing the flux of the
second component. The consistency of the model can further-
more be significantly improved by direct coupling of the radia-
tive transfer equation with the energy balance in the atmosphere,
which we plan to take into account in the future development of
the model.
Finally, in this paper we used angular averaged spectra to
study the spectral formation and to analyze phase-averaged data
of GX 304−1. However, our model already includes the infor-
mation of angular distribution of the emitted photons and, com-
bined with the proper simulation of light-bending near the sur-
face of the neutron star, provides a tool to study pulse profiles
and phase-resolved spectra. In this way, the future development
of the polcap model will allow for the study of pulse profiles at
low accretion rates, distinguishing the contribution of both polar-
ization modes. This will be the subject of paper II in this series.
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Appendix A: Code verification
In this section, we verify the validity of our radiative transfer
code, FINRAD, by applying it to some problems with known ana-
lytical or numerical solutions, for different types of atmospheres.
Appendix A.1: Pure scattering atmosphere
We first consider the radiative transfer in a pure scattering homo-
geneous atmosphere. The atmosphere is a slab, illuminated by
radiation with power law energy distribution, Iinc, from the top
and by blackbody-like radiation from the bottom, IBB. We con-
sider isotropic Thomson scattering, therefore the source function
is S E = JE =
∫ 1






with the straightforward solution
u(E, µ, τ) = C1 + C2τ. (A.2)
where the constants can be found from the boundary conditions.
At the top of the slab (τ = 0) we set I− = Iinc, whereas at the
bottom (τ = τmax) I+ = Ibb. The final solution is therefore





τ − (τmax + µ)] + IBB. (A.3)
The intensity of the radiation emerging from the top of the slab
can be found by taking into account that u(E, µ) = 12 (I+ + Iinc)
(Eq. 17a). Then











We solve the same problem with FINRAD code for one angle
of the photon propagation, θ = 60◦. Figure A.1 shows that the
numerical solution obtained with FINRAD fully agrees with the
analytical solution from Eq. A.4.
Appendix A.2: Self-emitting slab with magnetic Compton
scattering and absorption
To verify our code for the case of Compton scattering with partial
energy and angular redistribution in a magnetized atmosphere,
we reproduce calculations of Meszaros & Nagel (1985a). Specif-
ically, we consider a self-emitting homogeneous slab with scat-
tering and free-free absorption and emission. Cross sections of
the processes are given by the formulas in Sect. 2.3, but with
mixed plasma and vacuum normal modes of photons propagat-
ing inside the medium. We solve Eq. 19 in two polarization
modes. Following Meszaros & Nagel (1985a), the source func-
tion is given by Eq. 20, omitting, however, the additional source
of the cyclotron photons, S cyc. The only source of photons in the
atmosphere is free-free emission. The upper boundary condition







There is no incident radiation from below as well. In this case,
due to the symmetry of the problem, only a half of the slab can
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Fig. A.1. Intensity of the radiation emerging from a homogeneous, slab-
like atmosphere with pure isotropic scattering at an angle of θ = 60◦.
The slab is illuminated by Iinc ∝ E−1 from the top and by black body
radiation from the bottom, IBB(kT ) with kT = 0.35 keV. The results are
presented for two different total optical depths: τmax = 0.1 (left) and
τmax = 100 (right).
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There is also .tex file for the same purspose. 
























































Fig. A.2. Flux emerging from a homogeneous self-emitting atmosphere.
Grey markers (circles, squared, and triangle ) d noting extraordinary,
ordinary, and the sum over two polarization modes, respectively, are
from Meszaros & Nagel (1985a, Fig. 3a). Colored lines are the result of
our simulations with the FINRAD code.
We follow Sect. IVa of Meszaros & Nagel (1985a), assuming
that the magnetic field is perpendicular to the surface of the slab
with Ecyc = 38 keV. The slab of thickness R = 100 cm has a
homogeneous structure with density ρ = 0.5 g cm−3 and a tem-
perature of kT = 8 keV. We simulate the radiative transfer with
four angles chosen, as before, according to the double Gauss-
Legendre quadrature (θ = 21◦, 48◦, 71◦, and 86◦). We show the
resulting angle-integrated flux in Fig. A.2 together with the solu-
tion obtained by Meszaros & Nagel (1985a, their Fig. 3a). There
are only very small deviations between both solutions, probably
due to the different energy grids chosen.
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